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A response surface methodology-basedtechnique is presented for treating discretization error in nondeterminis-
tic analysis.The response surface, or metamodel, is estimated from computer experiments that vary both uncertain
physical parameters and the � delity of the computational mesh. The resultant metamodel is then used to propa-
gate the variabilities in the continuous input parameters, while the mesh size is taken to zero, its asymptotic limit.
With respect to mesh size, the metamodel is equivalent to Richardson extrapolation, in which solutions on coarser
and � ner meshes are used to estimate discretization error. The method is demonstrated on a one-dimensional
prismatic bar, in which uncertainty in the third vibration frequency is estimated by propagating variations in
material modulus, density, and bar length. The results demonstrate the ef� ciency of the method for combining
nondeterministic analysis with error estimation to obtain estimates of total simulationuncertainty. The results also
show the relative sensitivity of failure estimates to solution bias errors in a reliability analysis, particularly when
the physical variability of the system is low.

I. Introduction

N ONDETERMINISTIC analysis methods are applied to simu-
lations of physical systems to quantify the effects of random

variations in system parameters and inputs on the predicted out-
put of the simulation. Typically,nondeterministicmethods are used
to propagate probability or frequency distributions of continuous
physicalvariables through a deterministicmapping, such as the dis-
cretized numerical solution of a system of partial differential equa-
tions (PDEs), plus boundary and initial conditions and auxiliary
submodels. In this case, it is important to have a veri� ed and vali-
dated model structure through which to propagate these continuous
variabilities.However,all � nite discretizedmodelspossesssome de-
gree of discretizationerror, and often little or no attempt is made to
estimate the magnitudeof discretizationerror in the model. Further-
more, even when some error estimate is available, it is unclear how
to apply that estimate to the ensemble of results computed during a
nondeterministicanalysis. Thus, the effect of discretizationerror in
nondeterministicanalysis is rarely treated at the present time.

There has, however, been a signi� cant amount of attention de-
voted to the problem of estimating errors in numerical methods for
solving deterministic PDEs. Among these methods are a posteriori
error estimators,1, 2 as well as such classical methods as Richardson
extrapolation.3 – 5 Of particular interest in this study is Richardson
extrapolation, in which discretizationerrors are estimated from the
numerical solution. Richardson extrapolation is extremely general
in that it can be applied to any output of the model, as well as func-
tionals of the solution. Its primary drawback is that it depends on
knowledge of the formal convergencerate of the numericalmethod
and requires that the mesh size used is � ne enough that the higher-
order terms of the error are negligiblecompared to the lowest-order
term. For this reason, it often requires more that two mesh spac-
ings on the same model to verify the convergence order and, thus,
establish the validity of the extrapolation.

A conservativeapproach to accounting for discretizationerror in
a nondeterministicanalysis (which relies on the numerical solution
of PDEs) would be to use Richardson extrapolation (or some other
error estimator) for every combinationof input values to the model.
For example, we might perform a structural dynamics simulation
in which the elastic modulus of some material in the design model
has some inherent variability. Then, for each particular value of
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that parameter we could compute the response on two or more spa-
tial discretizations and use these results in some to-be-determined
way in our nondeterministicanalysis.This approachwould then in-
crease the number of analyses to be performed by a factor of two
to three. On the other hand, we might consider performing error
estimation for only one particular value of the variable parameter
(such as its mean value) and then apply that error estimate in a rel-
ative or absolute sense to the analyses performed for other values
of the input. This approach would require only a modest increase
in computationalcost compared to the cost of the nondeterministic
analysis itself, but cannot account for the dependence of the error
estimate on the values of the parameters of the model. Note that
the investment in generating multiple discrete models with differ-
ent mesh spacings might be much more signi� cant than the cost of
computing solutions on each of the meshes.

In the present study, an alternative approach is considered in
which solutions are computed on different mesh sizes, but not for
everyparametervaluein the nondeterministicanalysis.Instead,both
mesh sizeand parametervaluesarevariedfor thepurposeof building
a surrogate model, or metamodel, for interpolation.Once solutions
are computed to build the metamodel, a regression is performed
to obtain the coef� cients of the metamodel. The metamodel can
then be used in the nondeterministic analysis in place of the com-
plex full-ordermodel. For example,frequencydistributionson input
variablescanbe easilypropagatedthroughthemetamodelviaMonte
Carlo analysis because the cost of computing a response based on
the metamodel is negligible. The treatment of discretization error
is accomplished by extending traditional response surface meth-
ods (RSMs) for determining metamodels to include mesh size as a
variable input parameter.Then the nondeterministicanalysis can be
performed for a mesh size of zero,which conforms to a higher-order
accurate solution of the governing PDEs.

In this study, it has been found that including mesh size in the
metamodel can be an ef� cient way to estimate discretization error
while performing nondeterministic analysis. For example, a tradi-
tional metamodel with 3 continuous input variables might require
13 evaluations of the complex simulation with different parameter
values to determine the coef� cients of the metamodel. If we wished
to minimize discretization error, we would perform those 13 eval-
uations on a � ne mesh, that is, with small element edge lengths.
By extending that model to include element edge length as an input
variable of the metamodel, we must now perform 25 evaluations
of the complex simulation. However, only six of those evaluations
are performed on the � ne mesh model, whereas the other evalua-
tions are performed on coarser meshes, which require much less
time to solve. Therefore, it is possible to determine the extended
metamodel with less overall computationaleffort. Furthermore, the
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extended metamodel can be used to estimate the converged contin-
uum solution,whereasthe traditionalmetamodeldeterminedstrictly
from evaluations of the � ne mesh model still suffers some overall
unquanti� ed error due to the discretization.

The remainder of the study is organized as follows. First, the
theory for estimating the effect of discretization error in the nu-
merical solution of differential equations is reviewed. Second, the
techniquefor using RSM for nondeterministicanalysis is presented.
Then, this methodology is extended to include the dependence of
the simulation on mesh size. Finally, results are presented for linear
dynamics of a prismatic bar with three uncertain input parameters.
The results demonstrate the importance of treating discretization
error when estimating system reliability measures such as proba-
bility of failure. In the example, discretization error on the order
of 1% of the response quantity results in a probability of failure
estimate that is more than one order of magnitude smaller than the
exact solution, an error of more than 90%. Thus, the bias caused by
small discretizationerrors can result in a signi� cant overprediction
of reliability. The technique developed herein yielded an accurate
estimate of the error in the probability of failure measure due to the
discretization.

II. Discretization Error Models and
Extrapolation-Based Error Estimation

Quantifying the effects of approximationson the numerical solu-
tions of ordinary and partial differential equations has been a focus
of research and analysis ever since numerical solution procedures
were � rst developed. In Richardson’s classic paper from 1910 on
a � nite difference solution to the PDEs associated with stresses in
a dam structure,3 he introduces a very general extrapolationproce-
dure that estimates the leading error term from multiple solutions
using different differencing steps. This procedure, since referred
to as Richardson extrapolation, does not exactly estimate the de-
sired continuumsolutionbut rather, by eliminating the leading error
term, increases the order of convergence of the numerical method.
Richardson extrapolation is still used extensively as both an error
estimation technique and as a veri� cation tool for numerical solu-
tion methods.5 The error estimate is simply taken as the difference
between the basic numerical solution and the higher-order solution
developedfrom multiplemeshes and has the same orderof accuracy
as the higher-order solution. It is, therefore, a reliable estimate as
long as the leading error term is the primary source of error. One of
its strengths is that it estimates the total discretizationerror, includ-
ing both the local and global effects of discrete approximations(in-
cluding � nite element approximations) throughout the entire prob-
lem domain and boundary conditions.Furthermore, it can also esti-
mate errors not only on the solution � eld variables but also on many
linear functionalsof the solution� eld. Its drawbackis that it requires
uniform mesh re� nement with at least three mesh spacings. Such a
requirement may be dif� cult to meet for some complex problems.

With the advent of the � nite element method (FEM), other ap-
proaches to discretization error estimation have been developed.
Most of these procedures are broadly classed as a posteriori error
estimation methods1, 2 because they locally postprocess the numer-
ical solution to estimate certain norms of the solution error. These
methods, which were developedprimarily as indicators for adaptive
mesh re� nement procedures, are usually based on multiple local
mesh re� nement problems using such techniques as superconver-
gentpatchrecoveryto estimatelocalhigher-orderaccurateestimates
of solution gradients. These estimates can be compared the recov-
ered solution gradients from the normal � nite element interpolation
functions and the differences used to estimate local or global solu-
tion error measures. The relative localized contributors to the error
measure help identify mesh regions that require more re� nement,
whereas theglobalnormmeasureis used in some senseas a stopping
criterion for mesh re� nement. One drawback of a posteriori error
estimation for global error, however, is that because it relieson local
computations it cannot account for so-called pollution error, that is,
the propagation of local errors through the global domain of the
problem. These errors cannot be detected and, if signi� cant, will
reduce the reliability of the error estimate.

Note that the underlyingpolynomial model for global discretiza-
tion error is the same regardless of the error estimation procedure

and has been developedrepeatedlyin the various texts on FEMs and
� nite difference methods.6 – 10 It is written as

yD = y + a hq + (hq + 1) (1)

where y is the solutionto the givendifferentialequationde� ned on a
continuousdomain in space and/or time, yD is the approximate nu-
merical solution on a mesh with characteristicsize h, q is the order
of accuracy for the numerical method, and a is a sensitivity param-
eter of the solution that is independentof h. The order of accuracyq
is a characteristicof the numericalmethod that re� ects the qualityof
the interpolation functions for the solution quantity of interest. For
example, typical low-order � nite elements for structural mechanics
with linear shape functions lead to displacement solutions that are
second-order accurate, whereas the corresponding stress solutions
basedon the gradientof the displacementinterpolationfunctionsare
� rst-order accurate. The order of accuracy of the numericalmethod
is independent of the speci� c problem only to the extent that we
acknowledge the existence of higher-order terms in h. The magni-
tude of these higher-order terms are very much problem dependent
and determining their importance is a necessary consideration in
error estimation.This error model is also independentof the dimen-
sionality of the problem; it is equally valid for one-dimensionaland
three-dimensionalcalculations,although it is not equally easy to es-
timate errors for one-dimensionaland three-dimensionalproblems.
That is, for a uniform doubling of the mesh � delity, the number of
algebraicequationsfor the one-dimensionalproblemwould approx-
imately double, whereas the size of the three-dimensionalproblem
would increaseby a factor of eight (because the mesh would double
in each of the three spatial directions).

Extrapolation-based estimation of discretization error proceeds
as follows. Calculations are performed on at least three meshes,
where the � ner meshes are uniformly re� ned with respect to the
coarser meshes. Then, the error on the � nest mesh is given as the
difference between that solution and the extrapolated solution:

e = y� ne ¡ yextrap = a hq
� ne (2)

where a is estimated from the difference between the nominal and
� ne mesh solutions, namely,

a =
y� ne ¡ ynominal

hq
� ne ¡ hq

nominal

(3)

At least three mesh solutions are required to verify the order of
accuracy of the method, q, that is assumed in the earlier equations.
This is veri� ed by estimating q , which for mesh doubling is given
by

q = log

³
ynominal ¡ ycoarse

y� ne ¡ ynominal

´,
log 2 (4)

Verifying the assumed value of q is equivalent to showing that the
higher-order terms in the error model are negligible compared to
the leadingq-order term. One might also seek to estimate two error
terms using more than three mesh solutions to either improve the
error estimateor enable it to be computedon a coarserset of meshes.

III. RSM for Nondeterministic Analysis
Montgomery11 notes the following:

Response surface methodology, or RSM, is a collection of
mathematical and statistical techniques that are useful for the
modeling and analysis of problems in which a response of
interest is in� uenced by several variables and the objective is
to optimize the response. . . .

The process yield is a function of the levels. . . , say

y = f (x1, x2) + e

where e represents the noise observed in the response y. If
we denote the expected response by E[y] = f (x1 , x2) = h ,
then the surface represented by

h = f (x1, x2)

is called the response surface.
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In the present context, we will use RSM as a surrogate or meta-
model for the complex physics model of interest, and we will esti-
mate the coef� cientsof the responsesurfaceby performinga limited
number of analyses of the complex model. Our goal is to use the
responsesurface to propagateuncertaintiesin the variables to deter-
mine a distribution of the response quantity. From this distribution
we can make estimates of failure probability or other statistics of
interest.

The use of RSM is logically coupled to design of experiments
(DOE). To apply RSM we must determine a selection of input vec-
tors for the complex simulation.Designing the input vectors for the
suite of simulations to be run is the objective of experiment de-
sign. A logical goal of DOE is to minimize the variance of the error
between the responsesurface and the discrete responsesof the com-
plex model. It is important, however, to also consider the frequency
distributionsof the input parameters, as well as the type of statistic
to be computed from the distributionof the output. Finally, as noted
by Sacks et al.,12 there are fundamental differences between physi-
cal experiments and computer experiments that in� uence the issue
of experiment design.

In this study, we focus on a simple global surface model that
includes second-order terms in the parameters.The model response
is given by

y = b 0 +
X

i

b i pi +
X

i

X

j

b i j pi p j (5)

where b 0, b i , and b i j are coef� cients of the metamodel to be esti-
mated from analyses performed on the complex model. Note that
this metamodel form is just one possibility; other functions could
be considered, as well as the � nite element lattice sampling ap-
proach of Romero and Bankston.13 In addition, a metamodel could
be constructedusing solutionderivativesobtained from the analysis
code, although to obtain quadratic term coef� cients it would also be
necessary to compute the second-orderderivatives.

To this standard metamodel form we will apply the well-known
Box–Behnken experiment design,14 which dictates a set of input
vectors for which the parameters pi take on nominal, high, or low
values. It is suggested that these levels be taken as the mean and
the mean plus or minus one to two standard deviations, respec-
tively. Furthermore, the number of simulation runs is somewhat
greater than the number of coef� cients being estimated, so that a
least-squares estimate for the metamodel coef� cients is obtained.
The Box–Behnken designs for three and four input variables are
given in Tables 1 and 2, where 0, +1, and ¡ 1 represent the nomi-
nal, high, and low values, respectively. Other possible designs are
Central composite and suboptimal iterate selection algorithms such
as Effective Independence15 and Subset selection.16 Once an exper-
iment design has been determined and the computer experiments
are performed, the coef� cients b i j of the metamodel are estimated,
typically using a least-squaresmethod.

Table 1 Box–Behnken design for three
input variables

Runs p(1) p(2) p(3)

1–4 §1 §1 0
5–8 0 §1 §1
9–12 §1 0 §1
13 0 0 0

Table 2 Box–Behnken design for four input variables

Runs p(1) p(2) p(3) p(4)

1–4 §1 §1 0 0
5–8 0 §1 §1 0
9–12 0 0 §1 §1
13–16 §1 0 §1 0
17–20 0 §1 0 §1
21–24 §1 0 0 §1
25 0 0 0 0

IV. Extension of RSM to Include Mesh Size
From Sec. II, the model for spatial discretizationerror is given as

y(h) = yexact + a hq + (hq + 1) (6)

where h is the characteristic mesh spacing or element length, y(h)
is the numerical solution resulting from the mesh, yexact is the exact
solutionof thecorrespondingcontinuummodel,q is the formalorder
of the method, and a is some unknown factor. Assumingknowledge
of method order q , we could easily construct a metamodel from a
small number of simulation runs with differentvalues of h. Because
the only unknowns are a and yexact , we require only two different
mesh spacings. With three different mesh spacings, we could also
con� rm the method order q . This approach of estimating the terms
of the error model using the results from different mesh spacings is
in fact just the classical Richardson extrapolationmethod.

Thus, given the similarity between RSM and Richardson extrap-
olation, it is reasonable to combine the two methods into a larger
metamodel form to treat discretization error within the context of
nondeterministic analysis. The form of the extended metamodel is
taken to be

y( p, h) = b 0 +
X

i

b i pi +
X

i

X

j

b i j pi p j + a 0h
q +

X

i

a i pi h
q

(7)

which allows for the metamodel to accountfor the couplingbetween
the constant and linear terms of the nominal metamodel and the
discretizationerror, but neglects the terms of ( p2hq ) and above.

A. Experiment Design for Extended Metamodel
For experiment design purposes, we will again use the Box–

Behnken design, where the number of input variables is increased
by one for input value h. This requires that we develop discretized
models with three different mesh spacings. As with Richardson ex-
trapolation, it is usually desirable to perform mesh doubling. The
values ¡ 1, 0, and +1 with respect to h are strictly qualitative and
correspond to coarse, nominal, and � ne mesh models, respectively.
For example, reinterpreting Table 2 for the case of three input pa-
rameters plus variation in mesh � delity, we have the experiment
design given in Table 3. The value h / hnom implicitly assumes the
use of mesh doubling, but this is not speci� cally required.

The ef� ciency of the present method can be seen in examining
Tables 1 and 3. When the metamodel is extended by one input
variable in order to include the mesh size parameter h, the total
number of analyses increases,but the number performedwith a � ne
mesh is only a small fraction of the total and less than the total
number of runs of the nonextended metamodel. Thus, a traditional
responsesurface(without h) estimated by analysesperformedusing
the � ne mesh can actuallybe less ef� cient than extendingthe model
to include h inasmuch as the total computational effort is dictated
by the number of � ne mesh analyses performed. This comparison
is summarized in Table 4 for different numbers of continuous input
variables. Note that as the number of input parameters increase, the
ef� ciency gains become dramatic.

B. Veri� cation of the Assumed Order of Accuracy
In a real sense, the nominal mesh model, togetherwith the coarse

mesh model, is being used to infer or interpolate the effects of the

Table 3 Box–Behnken design for three input variables plus mesh
� delity variation

Runs p(1) p(2) p(3) Mesh h / hnom

1–4 §1 §1 0 Nominal 1.0
5–8 0 §1 §1 Nominal 1.0
9–10 0 0 §1 Coarse 2.0
11–12 0 0 §1 Fine 0.5
13–16 §1 0 §1 Nominal 1.0
17–18 0 §1 0 Coarse 2.0
19–20 0 §1 0 Fine 0.5
21–22 §1 0 0 Coarse 2.0
23–24 §1 0 0 Fine 0.5
25 0 0 0 Nominal 1.0
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Table 4 Ef� ciency gains by using
extended metamodel with mesh
parameter and Box–Behnken

experiment design

Number of
metamodel inputs
(not including h) Ef� ciencya

3 2.2
4 3.1
5 6.7
6 8.3

ah
no. � ne mesh runs in extended model
total no. runs in nonextended model

i ¡ 1
.

parameter variations that would be seen at the � ne mesh level. The
mechanism for performingthis inferenceis the form of the response
surface that is grounded in the error model equation (6). This error
model is valid, however, only in the asymptotic range and, thus,
imposes a restriction on the � delity of the meshes considered. In a
sobering demonstration of the limitations of Richardson’s method,
Oberkampf and Blottner17 showed that for a particular system of
nonlinear equations with large local gradients, reaching the asymp-
totic rangeforRichardson’s method requiredvery� negridswith rel-
ative errors on the order of 0.1%. Therefore, computationalmeshes
that simply meet an analyst’s subjectivecriteria for goodnesscannot
be immediatelyassumed to meet the asymptoticrange requirements
of Richardson’s method and the present extended response surface
technique. It is important to assess the convergence characteristics
for the range of meshes considered and to demonstrate the formal
convergence of the method before proceeding with extrapolative
procedures.

There are two approaches to verifying the convergenceorder us-
ing the experiment design procedure discussed.Examining Table 3
for the particular case of three metamodel input parameters, there
are six points in the design space where solutions are computed us-
ing both the coarse and � ne meshes of the model. Two mesh sizes
are not suf� cient, however, to independentlyestimate both the mesh
error and the convergenceorder q. To independentlyestimate q we
also require a solution at these design points for the nominal mesh.
These can be obtained by performing additional computer experi-
ments using the nominalmesh at thesedesignpoints (corresponding
to extreme values of each parameter). Alternatively, we could use
the results from the runs on the nominal mesh to build a traditional
metamodel with respect to the input parameters conditioned on the
nominal mesh, and then use that metamodel to interpolate the re-
sponse for the nominal mesh at the design points where coarse and
� ne mesh runs have been performed.

V. Nondeterministic Analysis
with Extended Metamodel

The � nal stage of the nondeterministic analysis involves the use
of the metamodel to propagate the parametricuncertaintiesthrough
to the simulation output. From the distribution of the output, prob-
abilistic or statistical quantities such as probability of failure, ex-
pected output value and variance can be estimated. One straight-
forward approach is what Romero and Bankston13 term decoupled
Monte Carlo (DMC) analysis. Decoupled refers to that the building
of the responsesurfacefrom complexsimulationruns and the Monte
Carlo analysisusing the responsesurface are separate activities.For
the Monte Carlo analysis, we would generate a very large number
of samples from the joint distributionfunctionof the uncertainvari-
ables and compute the metamodel response for each sample to build
the output distribution. The only modi� cation required for the ex-
tended metamodel is determining how to sample the mesh spacing
parameter h.

Of course,as a solutionmethodparameter,h is not a physicalvari-
able and has no associated distribution. Instead, we will use varia-
tions in h to estimatebias error in the nondeterministicsolution.The
nominalor � ne mesh-basednondeterministicsolutionis obtainedby
holdingh � xed at hnominal or h� ne, respectively.Then an extrapolated
nondeterministic solution is obtained by holding h � xed at zero.
Finally, the biases in the nominal or � ne mesh-based nondetermin-
istic solutions are given by the differences between these solutions

and the extrapolated (h =0) solution. Whereas this procedure in-
volves extrapolationof the metamodel,which is a practicenormally
avoided in such use of function approximations, the potential prob-
lems related to extrapolationare mitigated in two ways. First, by the
veri� cation of accuracy order q, which speci� cally addresses the
validity of the error model form for use in extrapolation, and sec-
ond, by the use of the extrapolation strictly as a means to estimate
solutionerror, rather than as a means to obtaina more exact solution.

VI. Example: One-Dimensional Prismatic Bar
The � rst example is a uniform prismatic bar with � xed–free

boundary conditions as shown in Fig. 1. The objective of the analy-
sis is to estimate the probabilityof failure of the bar, where failure is
de� ned by the condition f3 < 16,000 Hz, where f3 is the frequency
of the third mode of vibration. The physical parameters de� ning
the system are given in Table 5, where the coef� cient of variation
is equal to the standard deviation of the distribution divided by the
mean. The mesh chosen for the nominal model is also shown in
Fig. 1. Note that the mesh was chosen to be nonuniform. There
are two reasons for this. First, in most complex problems it is dif-
� cult or impossible to achieve a uniform grid, and often the mesh
is re� ned in some areas to enhance accuracy for some output of
the model. Second, it is understood that numerical methods tend
to behave better in a theoretical sense on uniform grids; thus, the
nonuniform grid in this problem is intended to make a very simple
problem somewhat more dif� cult. From the � xed end to the free
end, the element lengths are four elements at 1.25 in., four elements
at 1.00 in., four elements at 0.75 in., four elements at 0.50 in., and
four elements at 0.25 in. Thus, there is a total of 20 elements and 20
degrees of freedom (DOF) in the nominal model. The coarse and
� ne meshes for this problem are related to the nominal mesh by
doubling and halving the element lengths, respectively. Therefore,
the coarse mesh has 10 DOF and the � ne mesh has 40 DOF.

The experiment design given in Table 3 was used for estimating
the extended metamodel, with the interpolation function given by
Eq. (7) and q =2 as the formal order of the method. Then the DMC
analysis was performed with 100,000 samples of the joint density
function of E , q , and L . All samples were evaluated at h =0. For
comparison, a direct Monte Carlo analysiswas performedusing the
exact continuum solution18:

f3 = 5
p

E / q /4L (8)

Also, for comparison, two approximate solutions are treated.
First, a direct Monte Carlo analysis was performed using the nom-
inal mesh model. Second, a DMC analysis was performed for the
� ne mesh model, where the response surface was estimated with
respect to the three physical variables E , q , and L , using Eq. (5)
and the experiment design given in Table 1. Finally, histograms of
each of the four Monte Carlo analyses were computed using 1000
bins, and the results input to a kernel density estimator to arrive at

Table 5 Parameter information for one-dimensional bar

Parameter Distribution Mean value COV, %

Elastic Normal 10 £ 106 psi 1.0
modulus E

Mass Normal 0.000259 lb-s2/in.2 1.0
density r

Total Normal 15.0 in. 1.0
length L

Fig. 1 One-dimensional prismatic bar model with nominal mesh.
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estimates of the output probability density functions. These � nal
results are shown in Fig. 2.

VII. Discussion of Results
The results from this example are summarized in Tables 6 and 7.

In Table 6, for each of the approaches, the total number of � nite
element analyses is given, as well as the number of analyses using
the � ne resolutiongrid.This is importantbecausethe computational
effort is primarilyassociatedwith the number of � nite element anal-
yses performed on the most re� ned grid. Then the total number of
computationsrequiredfor the nondeterministicanalysisare given in
million � oating-point operations (MFLOPs) (106 FLOPs). Finally,
the error in the estimated mean of the distribution is given, as well
as the estimated probability of failure, which is the statistic of in-
terest in the problem. The extended metamodel result given is the
estimated solution at h =0 obtained via extrapolationusing the ex-
tended RSM (ERSM). Note, � rst, that the continuum solution is
the exact result, subject to Monte Carlo sampling errors (which are
small because of the number of samples). The rest of the methods
are given in Table 6 in order of their accuracy.

The ERSM method is not only the most accurate approximation,
but is also the most ef� cient. There is some remaining bias in this
solutionbecause extrapolationdoes not calculate the exact solution,
but rather a high-order accurate estimate of the exact solution. This
bias could be further reduced by either re� ning the set of meshes
considered or by performing additional mesh variations and using
the results to estimate higher-order error terms. The extrapolated
solution is suf� ciently accurate, however, for the purpose of error
estimation.The more traditionalRSM based on the � ne mesh is still
a reasonable result, although it requires more computations and is

Table 6 Nondeterministic analysis results for one-dimensional bar example

Number of � ne Number of
Total number of grid FEM computations % Error in Estimate of

Method FEM analyses analyses (MFLOPs) mean ( f3), % Pfailure , %a

Continuum solution n/a n/a n/a n/a 2.75
ERSM (with h = 0) 25 6 59 0.01 2.69
RSM on � ne mesh 13 13 94 0.27 1.61
Direct Monte Carlo on 100,000 0 90,000 (est) 1.09 0.23

nominal mesh

aPfailure = P( f3 < 16,000 Hz).

Fig. 2 Results from nondeterministic analysis of one-dimensional bar.

somewhat less accurate than the ERSM. Finally, the direct Monte
Carlo method based on the nominal mesh is not only very inef� -
cient, but also leads to a signi� cant error in the probabilityof failure
estimate. Noted that all of the results have negligible sampling er-
rors, and the errors introduced by the limitations of the metamodel
forms were also small. The errors shown on both the estimated mean
and failure probabilities are primarily due to the biases in the � nite
element solutions caused by the � delity of the discretizations.

In Table 7, the results are presented in terms of estimating the
bias error on the nondeterministicsolutionusing the extendedmeta-
model. The � rst result given for the � ne mesh is obtained from the
extended metamodel by � xing h at h� ne. The estimated bias on this
solution is then obtainedby comparison to the extrapolatedsolution
using the extended metamodel. The true bias is given by compari-
son to the continuum solution. The second result given for the � ne
mesh is that obtained by estimating a traditional response surface

Table 7 Bias error estimation for nondeterministic analysis

Estimated Actual Estimated Actual
bias bias bias bias

error in error in error in error in
Mesh mean ( f3), % mean ( f3), % Pfailure , % Pfailure , %

Fine (using ERSM) 0.27 0.27 ¡ 41.3 ¡ 42.5
Fine (using RSM) Unknown 0.27 Unknown ¡ 41.5
Nominal 1.07 1.08 ¡ 91.6 ¡ 91.7

(using ERSM)
Nominal Unknown 1.09 Unknown ¡ 91.6

(using DMCS)
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Table 8 Order of accuracy estimates from experiments
used to estimate extended metamodel

Reference runs p(1) p(2) p(3) q

9,l1 0 0 +1 1.9816
10,12 0 0 ¡ 1 1.9813
17,19 0 +1 0 1.9817
18,20 0 ¡ 1 0 1.9811
21,23 +1 0 0 1.9810
22,24 ¡ 1 0 0 1.9819

without the mesh size parameter. For this approach, there is no es-
timate of the bias error due to discretization because there are no
other mesh solutions considered.The true bias is again obtained by
comparison to the continuum solution. Note that the � ne mesh so-
lutions obtained from both response surface models are essentially
identical, but, referring back to Table 6, the solution obtained us-
ing the extended metamodel not only required fewer � nite element
computations on the � ne mesh, but also allowed for the estimation
of the discretizationbias error on the solution. The last two rows of
Table 7 give similar results for the nominal mesh size. Again, the
accuracy of the extended metamodel is seen by its similarity to the
direct Monte Carlo results for the nominal mesh, that is, with no
function approximation employed.

Finally, estimates for the orderof accuracyof the set of discretiza-
tions is given in Table 8. These estimates were obtained by � tting
an independent response surface model to the nominal mesh exper-
iments and then using this model to interpolate the nominal mesh
results to the experimentsperformedon the coarse and � ne meshes.
Then the three different mesh solutions for each of six points in
the continuous parameter space were used with Eq. (4) to estimate
q , the exponent of the characteristic mesh size h in the discretiza-
tion error model. These results verify that the set of discretizations
is within the sphere of convergence of the numerical method, for
which q =2.

Apart from the comparison of methods, one of the most inter-
esting aspects of these results is the effect the prediction error, as
measured by the error in the estimated mean of the distribution,has
on the relative error in the probabilityof failure estimate. In the case
of the direct Monte Carlo analysis based on the nominal mesh, the
discretization error results in a prediction error of about 1% of the
exact solution. This would normally be considered more than ade-
quate for engineeringpurposes.However, this error leads to a proba-
bility of failure estimate that is over one order of magnitude smaller
than the exact solution. Thus, the reliability of the system might be
judged to be more than 10 times higher than its actual reliability.
The heightened sensitivity is a function of the probability of failure
magnitude we are trying to estimate, as well as the coef� cient of
variation (the ratio of the standarddeviationof the distributionto the
mean value) of the simulation output used in the failure calculation.

This can be seen by considering the effect of a relative bias error
on the value of a standard normal random variable z at the point of
failure, namely,

z = (yF ¡ l ) / r (9)

where l is the mean of the distribution of the response y, r is the
standard deviation of the distribution of y, and yF is the value of
the response that de� nes the failure boundary. If the computational
prediction of y is given by yc and suffers a relative bias error e , we
have

yc = y(1 + e ), l c = l (1 + e ), r c = r (1 + e ) (10)

Substitution into Eq. (9) yields

zc =
yF ¡ l

r
=

z ¡ ( e / COV)

1 + e
¼ z ¡

e

COV
(11)

for small e , where COV = r / l is the coef� cient of variation (COV)
of thedistributiony. Using this result,we canestimatethe relativeer-
ror in the probabilityof failure due to the computationalbias. Using
a � rst-order Taylor series expansion of the cumulative distribution

function, we have

U (zc) = U

³
z ¡

e

COV

´
¼ U (z) ¡

³
e

COV

´
dU (z)

dz

\ U (zc) ¼ U (z)

³
1 ¡

e

COV

³
u (z)
U (z)

´´
(12)

Thus, the relative error in the failure probability is

D U (z)
U (z)

¼ ¡
³

e

COV

´³
u (z)
U (z)

´
¼

e

COV
z (13)

where u (z)/ U (z) ¼ ¡ z is a reasonably good approximation for
z < ¡ 3 and a lower bound for all z < 0. This approximation to the
relative error in the probability of failure clearly demonstrates that
the sensitivityof the probabilityof failureto biaserror is exacerbated
by two factors: a small coef� cient of variation (or one which is of
similar magnitude to the bias error e ) and a small failure probability
for the exact solution.For the sample problemon the � ne mesh, with
COV =1.22%, e =0.27%, and z = ¡ 1.92, the relative error in the
probability of failure approximated by Eq. (13) is ¡ 42.5%, which
is equivalent to the results in Table 7.

Although the example problem is relatively simple, there are no
issues that limit the present procedure to one-dimensionalproblems
or to few parameters.Richardsonextrapolationhas been used exten-
sively in two- and three-dimensionalcomputational� uid dynamics,
both for veri� cation of codes and calculations.5 Furthermore, as
noted earlier and in Table 4, there is a potential for improvement
in ef� ciency by utilizing multiple meshes over a large dimensional
parameterspace, rather than limitinga probabilisticanalysis to func-
tion evaluationson � ne meshes alone. Note that not every potential
response quantity will use the same error model; stress and dis-
placement, for example, differ in their order of accuracyand require
different coef� cients for h in the error models. However, the basic
approach is the same, given an understandingof the formal order of
accuracy of the numerical methods employed in the computational
analysis.

VIII. Conclusions
A technique has been presented for treating discretization er-

ror in nondeterministic analysis. The technique involves the use of
RSM, in which a metamodel representationof a complex simulation
model is estimated from a limited number of computer experiments
on the complex model. The metamodel is then extended to include
the characteristicelement edge length as an model input parameter.
The extendedmetamodel is used to propagate the variabilitiesin the
continuousinput parameters,whereas the effect of discretizationer-
ror is estimated by taking the mesh size to zero, its asymptotic limit.
The technique is demonstratedon a one-dimensionalprismatic bar,
in which the uncertaintyin the frequencyof the third mode of vibra-
tion is estimated by propagating variations in the elastic modulus
and mass density of the material, together with variation in the total
length of the bar. Results are compared to the closed-form solution,
a direct Monte Carlo analysis using a nominal mesh size, and a tra-
ditional response surface without a mesh size parameter built from
computer experiments using a � ne mesh size. The results demon-
strate the importanceof treatingdiscretizationerrorwhen estimating
system reliability measures, such as probability of failure, and the
ef� ciency of the present technique for combining nondeterministic
analysis with error estimation to obtain more accurate estimates of
total simulation uncertainty.
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